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Nonlinear Equivalent Plate Modeling of Wing-Box Structures

Eli Livne* and Israel Navarro'
University of Washington, Seattle, Washington 98195-2400

A geometrically nonlinear moderate-deformation equivalent plate modeling capability for wing structures is
developed. It is a generalization of the simple-polynomial-based equivalent plate modeling techniques for linear
wing structures. The formulation allows first-order shear deformation plate theory or classical plate theory to be
used for modeling and solid thin plates as well as typical wing-box structures made of cover skins and an array of
spars and ribs. Mass and stiffness matrix contributions of different wing-box elements are presented. Stiff springs
are included to enforce a variety of boundary conditions. The resulting nonlinear equations can be solved for
static and dynamic structural response. The new nonlinear equivalent plate modeling technique was validated by
comparing its results with those of nonlinear finite element models and results of previous analyses. It is expected
to lead to efficient nonlinear aeroelastic analysis of wings subject to in-plane compressive forces such as the rear

wings in joined-wing airplane configurations.

Nomenclature

{a;(x,y)} —{as(x,y)} = Ritz function vectorsin Eqs. (18-22)

cA =cos A

{Fr.}, (Fr,}, {Fr.} = coefficients of distributed external
force polynomials

= components of a concentrated force at
a point

= series coefficients in a depth
polynomial series; Eq. (9)

= z positions of upper and lower skins,
respectively

(I:“rx, I:"ry, I:”rz)
H(g)

hy(x,y), hp(x,y)

Isp(r, ) = family of line integrals for a spar
IR (r, 5) = family of area integrals for a skin
trapezoid
[K] = matrix defined by
} U=1{g}"[K ({ghl{g}
[K] = stiffness matrix
[K.] = linear part of [K] matrix
[Kni] = nonlinear part of the [K] matrix
[KNL.g(] = 0Ky +[9g ()]
5] = see Eq. (79)
ky, ky, ky = spring coefficients for stiff springs
[M] = mass matrices

mfrx (i), mfry (i),
mfrz(i)
mh(g), nh(g)

= powers of x terms in polynomial series
representing distributed loads
= powers of x and y terms in a depth

polynomial series; Eq. (9)

= powers of x and y terms in the
polynomial series for skin-layer
thickness; Eq. (10)

= powers of polynomial terms in the
series for ug(x, y, t)

= powers of polynomial terms in the
series for vy(x, y, t)

= powers of polynomial terms in the
series for wy(x, y, 1)

= powers of polynomial terms in the
series for ¢ (x, y, t)

mt (k), nt (k)

mu (i), nu(i)
muv (i), nv(i)
mw (i), nw(i)

me. (i), ngy (i)
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me, (i), ngy (i)
Ntrb

powers of polynomial terms in the
series for ¢, (x, y, 1)

= number of terms in rib-web-thickness
series

Ntsw = number of terms in spar-web-thickness
series
Nit = number of terms in skin-thickness
series
Nyior = total number of degrees of freedom
s Nivy Niw, = number of terms in Ritz polynomial
Nigxs Nigy series for displacement fields;

nfrx(i), nfry(@),

Egs. (13-17)
= powers of y terms in polynomial series

nfrz(i) representing distributed loads

{P} = vector of generalized forces

{q} = vector of unknown generalized
displacements

ql1(i), q2(i), q3(i), = generalized displacements;

q4(i), q5() Egs. (13-17)

{R.} = vector of elastic forces

sA =sin A

T = kinetic energy

T (k) = coefficients in the polynomial series
for skin-layer thickness; Eq. (10)

T,, (k) = coefficients in the polynomial series

for rib-web-layer thickness

t,,(X) = thickness of a layer in a rib web

Ty (k) = coefficients in the polynomial series
for spar-web-layer thickness

tow (V) = thickness of a layer in a spar web

1..T,, T, = kinetic energies due to motion in the x,
¥, and z directions, respectively

t(x,y) = thickness of skin layer

U = elastic potential energy

U, v, w = displacementsin the x, y, and z
directions, respectively (functions of
X,Y,2,andt)

U, =Ju/dx

ug, Vg, Wo = x, ¥, z displacements of a reference
surface (functions of x, y, and t)

v,y = dv/dy

Wy = dw/dx

Wy Wy Wy = 0%w/8%x, 3*w/d%y, and 3*w/dxdy,
respectively

w, = dw/dy

W, =9Jw/dz

xa, ya = point of application of a concentrated

force
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XSp, ysp = coordinates of a spring-pointlocation
Xrpas XrbF = aft and front tips of a rib line; Eq. (96)
Yis YR XFL> XFR» = (x, y) coordinates of the vertices

XAR> XAL defining a planform trapezoid; Fig. 1

YRIB = y coordinate of a rib line

Vizs Vyz = transverse shear strains

8ij = strains

A = sweep angle of a spar line with respect
to the y axis

P = material density

$.0 = 3¢ /dx

O, Py = first-order shear rotation corrections to
the classical plate theory rotation
[Eq. (3)], functions of x, y, and ¢

by =0¢/0y

v, W, = first-order transverse shear rotations
[Eq. (2)], functions of x, y, and ¢

Subscripts

d = displacement (linear) spring

rb =rib

rt = rotational spring

sp = spar

Introduction

HE emergence of optimized lightweight highly maneuverable

unmanned combat air vehicles (UCAVs), capable of perform-
ing very-high-g maneuvers, as well as the need for further design
evaluation of the joined wing,"? a configuration in which a long
and quite large tail surface is under significant compression, calls
for the development of efficient structural analysis and design tech-
niques for the aeroelastic studies of geometrically nonlinear lifting
surfaces.

While detailed finite element models for linear and nonlinear
analysis of airplane structures’ are now well established and are
general in their capacity to capture behavior of local nature as well
as global behavior (depending on the fineness of the mesh used),
they lead to large-scale mathematical models that are expensive to
generate and solve. This is particularly true in the context of de-
sign optimization, where many function evaluations are required.
Equivalent plate structural models representing real airplane wings
were developed during the past 15 years*~!> and were found to be
accurate and computationallyeffective. Initially, these models were
based on classical plate theory (CPT).!® They later were improved
to include transverse shear deformation effects.'®!'"'> The expe-
rience gained with the resulting equivalent plate linear structural
wing analysis based on first-order shear deformation plate theory
(FSDPT) shows that this modeling approach captures accurately
the static and dynamic behavior of both high-aspectratio and low-
aspect ratio multispar/multirib thin or thick wings.

In an effort to develop design-orientedstructural analysis for ge-
ometrically nonlinear elastic wings, such as thin optimized wings
for very high-g unmanned airplanes, or wings subjected to in-plane
compression, as can be found in joined wings, the approach taken
in the present study is to extend FSDPT equivalentplate wing mod-
eling from linear to geometrically nonlinear analysis.

This paper discusses the application of nonlinear plate theory
and simple-polynomial Ritz approximationsto real wing structures
(including their cover skins, spar and rib caps, and spar and rib
webs). The dynamic equations of motion are formulated. Solutions
of the static and dynamic problems are discussed. Test cases and test
results are used to assess the accuracy of the resulting capability,and
this paper concludes with lessons learned and recommendations for
future research.

Kinematic Assumptions in CPT and FSDPT
For a thin plate in the x-y plane, CPT is based on the assumption
thatdeformationscan be approximatedin the following form [where
u(x,y, z,t); v(x, y, z,t); and w(x, y, z, t) are the displacementsin

the x, y, and z directions, respectively]:
ux,y, z,1) = ug(x, y, 1) = 2w (x, y, 1)
v(x,y,2,8) =vo(x, y, 1) —zw ,(x, y, 1)
wx, y,z,1) = wyx, y,1) (1)

The x, y-dependent displacement functions ug, vy, and w, are the
values of u, v, and w at the reference plane (z =0); and u, and vy
represent the stretching of the midplane.

The most common formulation of kinematic assumptions in the
FSDPT is!0:16:17

ux,y,z,t) =uo(x,y, 1) —z¥,(x, y, 1)
v(x,y,2, 1) = vo(x, y, 1) —z¥,(x, y,1)
w(x,y,z,1) = wy(x, y,1) 2)

Here, the x, y-dependent functions W, and W, augment the de-
formation functions used in Eq. (1), leading to five different un-
known functions: uy(x, y, 1), vo(x, y,1), wo(x, y,1), ¥, (x, y, 1),
and W, (x, y, t) for the deformation field of the plate. References 10
and 13 showed how the kinematic assumptions of Eq. (2) can be
used to include transverse shear deformation effects in the equiva-
lent platemodeling of wing-box structures. Developmentsdescribed
in Ref. 13 led to an equivalentplate capability where wing segments
inwhich transverseshearcannotbe neglected[Eq. (2)] are combined
with a wing segment modeled using CPT [Eq. (1)] for the model-
ing of wing-box/control-surface configurations. In the formulation
behind the capability of Ref. 13, the wing is divided into zones,
where a zone is a wing segment for which displacements are ap-
proximated by its own set of Ritz functions. Thus, a CPT zone has
its own Ritz functions for the ug, vy, and wy deformations; and
a FSDPT zone has its own Ritz functions for its own uy(x, y, t),
vo(x,y, 1), wo(x,y, 1), We(x,y,1),and W, (x, y, t) deformations.
Formulations of stiffness and mass matrices for CPT and FSDPT
zones are different and separate.

In an effort to develop a single formulation for CPT and FSDPT
zones, Ref. 14 presents the kinematic plate assumptions in the fol-
lowing form:

u(x,y,z,t) = Mo(x,y, t) _Z[w,x(xayat) _¢x(xayat)]
U('xa Y, 2, t) = UO('xa yat) _Z[w,y(xa Y, t) _(py(xa Y, t)]
w(xayazat):wO(xayat) (3)

The rotation of cross sections in Eq. (3) is made of a CPT rotation
[Eq. (1)] plus a corrective rotation due to transverse shear in the
form of the functions ¢, and ¢,. A single formulation can now be
used because a CPT zone is obtained by simply setting the ¢, and
¢, contributions to zero. Comparing Eqs. (2) and (3), it becomes
clear that

U, =w, — ¢, Uy, =w,—¢, 4)
Actually, it can be shown that ¢, and ¢, are the transverse shear
strains y,, and y,..

Having established Eq. (3) as the basis of the displacement as-
sumptions to be used in the present work, strains can now be ex-
pressedin terms of the unknown displacementfunctions as follows,
based on conventional moderately nonlinear plate theory'’~'°:

1 1
Exx = Uy + E(w.x)za Eyy = Vy + E(w.y)z

1 1
€z = W, + E(w.z)za Exy = E(”} + Uy + w.xw.y)

f: =2+ w, +w,w,), ey = (v Fwy +wyw.)

) 5)
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Substituting Eq. (3) into Eq. (5) leads to

1
Exx = Upx — TWo,xx + Z¢x.x + E(WO.X)Z
1
Eyy = Voy — ZW0,yy + 20y + 3 (wo,y)%, g, =0

sxy = %[”0.}' + Vo,x — 2Zw0.xy + Z(¢x.}' + ¢y.x) + Wo,x wO,y]

Exz = %‘pm Eyz = %(P} (6)

Effects of Initial Displacements

Initial imperfections, in the form of an initial stress-free shape
w;(x, y), can have significant effects in nonlinear analysis of
plates.'”"!® Neglecting high-order terms, the equations of strains in
the presence of initial plate imperfections are'”:'8

1
Exx = U x + Wy W x + E(w.x)z

— ] 2 —
gy = vy twrywy + 5 (w7, e, =0

2z

_ 1
Exy = E(M.y foitww, Fww, Hww,y)

SXZ = %(”.z + w.X)! 8}'2 = %(U.Z + w.}') (7)

In terms of the five unknown FSDPT displacement functions
ug(x, y, 1), vo(x, y, 1), wolx, y, 1), ¢.(x, y, 1), and ¢,(x, y, 1),
the strains are

+ % (w(J.x)z

1 2
- zwg.,,),. + Z(ﬁy,y + w,.y wo.y + E(WO.}')

Exx = Up,x — TWo,xx + Z¢x.x + Wy, x Wo,x

Eyy = Voy

Exy = %[”0.}' + vo,x — 21w0.xy + Z(¢x.}' + ¢y.x)
+ wl.xw0.y + wl.y Wo, x + wO.wa,y]

Exg = %(pxa €y = %(pya g, =0 ®)

Wing-Box Modeling

The kinematic assumptions of the previous section can be used
to derive equations of motion for both solid plates and built-up
wing-box structures. In the case of built-up wing-box structures,
there should be no confusion due to the fact that kinematic plate
assumptions are used. Although plate theory is used in this case, the
structure modeled is not a solid plate, but, rather, a wing structure
made of composite cover skins and an internal array of spar and rib
webs. Spar caps and rib caps can, in this formulation, be derived
independently, or modeled as smeared equivalent composite skin
layers.'3:14

The wing is defined with respect to a right-handed Cartesian co-
ordinate system as shown in Fig. 1. The reference surface is the
x-y plane (z=0). The planform of a wing segment is assumed to
have a trapezoidal shape, with the left and right sides parallel to the
x axis, and the spanwise direction in the direction of the y axis. Six
variablesare used to define the planform: y; , Yz, Xrr, Xpg, Xag, and
X1, Where the variables y;, and yr define the left and right sides
of the planform, respectively; the variables xr; and xrp define the
front-left and front-right corners of the panel, respectively;and x 4,
and x4 define the aft-left and aft-right corners, respectively. Dif-
ferent or equal trapezoidalareas can be used for the upperand lower
surfaces of the box. The location of the sparsis determined by defin-
ing their left and right endpoints (sx;, sy; ) and (sxg, syg). Ribs are
set parallel to the x axis, and their spanwise location ygjp defines
their position. Ribs are assumed to connect the front and aft lines of
the trapezoid on which they are located.

In a modeling and solution formulation based on simple polyno-
mials, the depth of a wing segment, as well as thicknesses of skin
and web fiber composite layers, are all defined mathematically us-
ing simple polynomials. Depth is taken into account by defining the
z position of cover skins, using different polynomial series for the
upper and lower skins:

Nth

h(x, y) = Z H(g) . xmh(g) . ynh(g) (9)

g=1

(sxR,, syR)
xFR| xAR]| y=yR
(XF,, yRIB,) / Rib2 / A yRIB,)
U
_ par1
(xF,, YRIB) Rib1 (xA,, yRIB,)
|xFL [xAL
(st syL)

Fig. 1 Planform geometry of wing trapezoids, spars, and ribs.

The coefficients H(g) and the setof powers chosenmh(g) andnh(g)
are generated by the analyst to approximate with the best possible
accuracy the actual z location of the upper (or lower) skin. An upper
depth distribution Ay (x, y) and lower depth distribution A, (x, y)
are needed for each wing trapezoid. Skin layers, in the case of a
typical wing box, are considered very thin compared with the depth,
and all skin layers are assumed to be at the same z position. The
individual thickness of each skin layer is modeled independently by
a polynomial series:

Nit

@ y) =) Tk -xm® .y (10)

k=1

with coefficients 7' (k) and powers mt (k) and nt(k). When spar webs
are modeled, the thickness of each layer can be expressedas a poly-
nomial in y along the spar line (assuming no variation in the z
direction):

Ntsw

fu() = Y Ty (k) - 3w ® (1

k=1

For rib webs, the thickness distribution of composite layers is
given by a polynomial series in x along the rib line:

Ntrb

() = ) Tlh) -0 (12)

k=1

Unknown Displacement Functions
and Their Ritz Polynomial Series
All unknown functions describing the displacements of the wing

box are expressed in terms of simple polynomial series with un-
known coefficients:

Niu

uo(x,y,1) =) _ql(@)-x"0-

i=1

nu(i) (13)

<

Nty
Zqz(l) . xrnv([) . ynv(i) (14)

i=1

vo(x, y, 1) =

Niw
Zq3(l) . xrnw([) . ynw(i) (15)

i=1

wo(x,y, 1) =

Nigx

ey, 1) = ) qA(i) - x"HO L e (16)

i=1

Nigy

B,y ) =) g5(3i) - kD  yrrO (17

i=1
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The powers mu(i), nu(i), mv(i), nv(i), etc., in Eqs. (13-17) are
chosen in advance, usually using complete polynomials up to a
certain order. The choice of polynomials can also be done so that
they satisfy automatically certain boundary conditions. Otherwise,
stiff springs are used to impose boundary conditions.%!!:13:14 The
integers N,,, Nyy, Nyw, Ny, and N,y are the numbers of terms used
to expand the functions uy(x, y), vo(x, ¥), we(x, y), ¢, (x, ¥), and
¢, (x, y), respectively, in simple polynomial series. These values
will determine the size of the mass and stiffness matrices. Time
dependence is found in the generalized displacements themselves
in the vectors {g1(t)}, {g2()}, {g3(®)}, {g4(?)}, and {g5(?)}.

In vector form, Eqs. (13-17) are

up(x, y, 1) = {a; (x, »}' - {g1(1)} (18)
vo(x, ¥, 1) = {ax (x, M} - {g2(1)} (19)
wo(x, ¥, 1) = {as(x, M}’ - {g3(1)} (20)
¢ (x,y, 1) = {ay(x, N} - {g41)} 2D
¢, (x,y,1) = {as(x, )" - {g51)} (22)

where {a,(x, y)} —{a5(x, y)} are column vectors of polynomial
terms of the form x™” y".

Kinetic and Potential Energy of the Skins

To examine the procedures used to obtain stiffness and mass ma-
trices due to contributionsof differentcomponentsof a typical built-
up wing, a detailed derivation of the contributionsof skin layers are
presented next. The kinetic energy of an infinitesimal area dxdy of
a skin layer belonging to one of the wing box panels is

dT =1 -p-1(x,y)- (@* + 0>+ w?) -dx - dy = dT, +dT, +dT,
(23)

where p -1 (x, y) is the mass per unit area of the layer, and a dot over
a time-dependentvariable represents differentiation with respect to
time. The velocitiesdu /d¢, dv/d¢t, and dw/dt can now be expressed
in terms of the functions uy(x, y, 1), vo(x, y, 1), wo(x, y, 1), ¢, (x,
v, 1), and ¢,(x, y, 1), using Eqgs. (3). For example, the dT,, term is
calculated using

dT, =4 p 1(x,y) @ dv-dy (24)
The velocity in the x direction is

. du  duy d(wo,,) do,
_Gu _duy : . 25
" dt dt ¢ dt Tz dr @)

i ={a)})" -{q1} —z-{as )" -{g3) +z-{a}" - (g4} (26)

Substitution of Eq. (26) into Eq. (24) leads to

df, =1 p-t(x,y) - [(g1) e} — 2 (g3} - las.i)
+2- (g4 Haa)] - [fa)" - {g1) — 2 ez} - {43}

+z-{as)” - {g4)] - dx - dy 27)

The vector multiplicationsare carried out, followed by x-Yy inte-
gration over the trapezoidal planform, leading to

1
Tu:5'{41}T'|://,0't(X,y)'{al}'{al}r'dx'd)]'{ql}
xvy

1
+5~{d3}T~[//p~t(x,y)~zz~{a3.x}~{az.x}T~dX~dy}~{d3}
xvy

1
+5-{d4}r~[//p~t(x,y)~zz~{a4}-{a4}T~dX~dy}~{i14}
xYy

| -
—5~{('11}T~ //,0~t(x,y)~z~{a1}~{a3.x}r~dX~dy}~{d3}
LS xvy
| -
—5~{('13}T~ //,0~t(x,y)~z~{a3.x}~{a1}r~dX~dy}~{i11}
LJxdy

| _
+5-{d1}r~ //,0~t(x,y)~z-{a1}-{a4}r~dX~dy}~{i14}
LJxdy

| _
+5-{d4}r~ //p~t(x,y)-z~{a4}~{a1}r~dX~dy}~{dl}
LJxdy

1
—5~{d3}r~[//,0~t(x,y)~zz~{a3.x}~{a4}r~dX~dy}~{i14}
xvy

1
—5-{('14}T-[//p-t(x,y)~z2-{a4}-{a3.x}T-dx-dy}-{q‘3}
o (28)

This expression can be rewritten as
| My, My M| gl
THZE g™ (g3} (g4 My My M| {g3)
My My My g4

(29)
where the [M;;] represents mass submatrices. For example,
Nit
[M1] = //p A TRy ) ey )
xJy k=1
x {a;(x, y)}" - dx - dy (30)

The matrix [M},] has dimension N,, x N,,. Element (i, j) of this
matrix is given by

Nrtt
[Me]a =0 (T(k)

k=1

x // (xmr(k)+mu(i)+mu(j)ym(/<)+ml(i)+ml(j) cdx - dy)) (31)
xvy

or, using a more compact notation,

Nit

[Mi]G. =0 Y (TK) - Ix(r.5)) (32)

k=1
where

r =mt(k) +mu@) + mu(j)

s = nt(k) + nu@) + nu(j) (33)

Ir(r,s) = //x’yf dx dy (34)
x vy

is an area integral (over the trapezoidal that defines the planform).
The value of this integral for any trapezoidal area can be found
analytically without the need for any numerical integration.!*! A
table of these integrals for all powers r, s required for the analysis
of a wing segment has to be prepared only once at the beginning of
the analysis. The element of the mass and stiffness matrices can be
obtainedusing members of this table of integrals. Thus, no numerical
integration is required in the present formulation.
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The submatrix [M};] (dimension N,,, x N,,) is given by

[Mél3:| :p'//t(xay)'hz(xay)'{a3.x}'{a3.x}T dXdy
xdy

Nrit
o[ (S
X vy k=1

Nth
x (Z H(g) . xmh(g) . ynh(g)>

g=1

Nth
x ( 3 Higg) - wmhieo. y""<gg>> a5} @) - dx - dy
gg=1 (35)

A typical element (i, j) of the mass submatrix [M};] is

Ntt Nth Nth

[M]G J) = p - mu) - mu(i) - Z Z Z T(k) - H(g)

k=1 g=1gg=1
x H(gg) - Irr(r,s) (36)
where
r=mt(k) +mh(g) + mh(gg) + mw(i) — 11+ [mw(j) — 1]
s = nt(k) +nh(g) +nh(gg) +nw(i) + nw(j) (37

The double summation due to the presence of the h? term can
result in heavy computational cost if many terms are needed in the
h(x, y) series. In an alternative approach, integral tables can be pre-
pared for #(x, y), h(x, y)t(x, y), and h>(x, y)t(x, y) separately, and
then used in the equations for mass and stiffness terms. Other mass
submatrices can be calculated following the procedures described
earlier. Using the expressionsfor v(x, y, t) and w(x, y, t), the kinetic
energy contribution 7', can be expressed in matrix form as

| My, My My [la2)
M3, M3 M| 145}
(38)

and because w = {a3}7 - {¢3}, T, can be expressed as
T, =143} - [My] - 143) (39)

where [M}}] is given by
[M3"§] ://'O't(x’y)'{%}'{%}r'dx'dy (40)
xdy

(dimension N,,, X N,,). Thus,

Nit

[ME]G. =0 Y Tk - Ielr.s) 1)

k=1
where

r =mt(k) +mw(i) +mw(j)

s = nt(k) + nw@) + nw(j) (42)

The total kinetic energy of the skin layer is finally computed by
adding up the three different components:

T=T,+T,+T,=75 -{g)" - [M]-{g) (43)

where
@ =gy {g2)" (g3} (g4 {45)"] (44)

and [M]is the complete mass matrix for the skin layer. Its dimension
i8S Nyior X Nyior» Where Ny = Ny, + Ny + Ny + Ny + Nigy. The
matrix [M] is given, on the basis of the rest of the mass submatrices
defined earlier, by

[ 0w My 0]
0

My oMy 0 My
(Ml = | My, My Mg™""™ My, Mg (45)
My o0 ML MY 0
0 My oMy 0 My

To find the mass matrix due to the group of N skin layers, mass
matrices must be added layer by layer:

[M]total = [M]layerl + [M]layerZ +-+ [M]layerN (46)

or, alternatively, all layer thicknesses are added up to form a single-
thickness polynomial [Eq. (10)] for the whole skin segment, and the
mass matrix is evaluated for this total thickness.

For an individual composite skin layer, the contribution to the
potential or strain energy U of an infinitesimally small skin element
of surface area dxdy is'®"?

Oxx
1 2
dUu = E . t(xa y) . [sxx Eyy yxy] . Oyy ~dx - dy
Oxy |
1 _sxx
= E : t(xa y) : [sxx Eyy yxy] . [Q] | Eyy | dx - dy (47)
[ Vay

where the constitutive matrix for the layer (depending on material
properties and fiber direction) is [Q].

The strains can be expressed in terms of all generalized displace-
ments and rotations {g1} to {¢g5} in matrix form as follows:

|'{q1}
Exx Eyw 0 Es Ey O {q2}
&y | = 0 Exn Eyx 0 Exs|-| {¢g3}
Yxy E3 Exn Esxz Ey  Ess {q4}
{g5}

{g3}" 0 0 Ey

+ 3 0 {g3}" 0 | Ex | -{q3} (48)
0 0 {q3}" Es3

where the matrices [ E;;] are matrices containing polynomial terms
inx and y, defined (togetherwith their dimensions) in the Appendix.
The main product [Q]{e} can now be formed:

{q1}

A A A Ay Ass {g2}

[Q] (e} = | An Ay Ax Ay Ax|-| {g3}
Az Ay Ap Ay Ass {q4}

{g5}

Oun - {q3}T O {q3}T Qs - {q3}T
+ 3 001 - {q3)" Q02 -{q3})" Q- {q3)7
Q6 - (g3} Q- (g3} Qss - {q3)7

Es

x | Ex | -{q3} (49)
Esg
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where the [A;;] submatriceshave analogousdimensionsto the [E;;],
and are also given in the Appendix.

The product[Q1{e} [Eq. (49)] and the vector {€}” [Eq. (48)] are
substitutedback into the definition of the potentialenergy [Eq. (47)],
and integrated over the planform of the wing to yield

U=U +U,+Us+ U = g} [K({gh g} (50)
where the first term U, is quadratic in {q}; the second and the third

terms U, and Uj; are cubic; and the fourth term U, is fourth orderin
{g}. The terms are calculated one by one as follows:

1
U, 25'{q}r

|'E1T1 0 E3T1—|
0 E, E

x //r(x,y)- Ef, Ej; Ej|-[A]-dx-dy|-{q)
x vy

El, 0 EI
0 EIL EL
(51
or, using more compact notation,
U, = % {q)" - [Kinear] - {g} (52)

The matrix [ K ngar] is the linear part of the total [ K] matrix cor-
responding to a composite skin layer. It is constant and does not
depend on {gq}. After carrying out the matrix multiplication and in-
tegration indicated in Eq. (51),

[KLINEAR]

[
1

Kin Kin Kps Ko Kps
Kinn Kpn Kz Kpow Kpos
Kisi Kip Kpzzs Kpa Kipss (53)
Ky Kpo Kps Kpa Kpss
Kisi Kis» Kis3s Kpsa Kipss

By,

By By By By By

By By, By By Bys | -t(x,y)-dx-dy
By By By By Bys

Bsi Bs, Bsy Bsy Bss

where, e.g.,
[Kpi1] Z//f(X,y)'[Bll]'dx'dy (54)
x Yy

[Bi1] =0 - E1T1 “En+ Qe E1T1 < B3+ Qg E3T] By

+ Qg6 - ET, - E3 (55)
Thus, using Q;; = Q;,

[KLII]://t(xay)'(Qll Aa ) {a )
xdy

+ 016 {an} - {an,}7) - dx - dy

+ //r(x,y)-(Qm-{al.y}-{al.x}f
x vy

+ Qs a1} - {ar,}7) - dx - dy (56)

The element (i, j) of the matrix [K ;] can then be written as
Nit

[KpnlG, ) = Q1 -mu(i) - mu(j) - Z T(k)- Ir(rl, s1)

k=1

Ntt

+ Qi nuli) - mu(j) - Y TK) - Ig(r2,s2)

k=1

Ntt

+ Qi muG) - nu(j) -y T(K) - Ig(r3.53)

k=1

Ntt

+ Qe - nu(i) - nu(j) - Y T k) - I (rd, s4) (57)
k=1
where the ri and si, the powers of polynomial terms, are given by

rl =mt k) + [mu@i) — 1] + [mu(j) — 1]
s1 =nt(k) +nu@i) + nu(j)
r2 = mt (k) +mu(i) + [mu(j) — 1]
s2 = nt(k) + [nu@) — 1] + nu(j)
r3 =mt (k) + [mu@@) — 1] + mu(j)
s3 = nt(k) +nu@i) + [nu(j) — 1]
r4 = mt (k) +mu(i) + mu(j)
s4 =nt(k) + [nu@@) — 11+ [nu(j) — 1] (58)
The remaining linear [K] matrix submatrices are derived in a
similar way and can all be expressed by linear combinations of

integral terms from the table of area integrals Itgr (m, n). The sum
of the second and third elastic energy terms is given by

[Eﬁ 0 ng

1 | 0 ER R
U2+U3=§'//f(%y) q2 ET. EIL EL
e ET, 0 EJ

1
0 E, EL

O -1g3)" Qn-{g3)" Qis-1g3)7 E
X | Qo {3} QO -{g3})" Qx-{g3)" |- | Ex
Ot - g3} Q06 - {g3}" Qg6 {g3)7 Esg

1 {q3)7 T T T
><{q3}~dx~dy+5~ t(xay)T'[Elﬁ Ey E36]
xJy

3y 0 0
x| 0 {g3} 0 |[A]-{g}-dx-dy (59)
0 0 {g3}

Because the resultantmatricesinside the firstand secondintegrals
are the transpose of each other, the previous equation can be written

as
1 1(x,y)
Uz+U3=—{q}T//—
2 L2

|'0 0 C1T 0 O'|
0 o0 caT 0 o0
Cl1

x C2 C34+C3" C4 C5|-dx-dy-{q} (60)
0 0 c47 0 0
0 0 cs” 0 0
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where the matrices [C1] — [C5] contain terms that depend on {gq}
and are polynomial functions of x and y (see the Appendix).

The fourth contribution to the elastic energy of a skin layer is
given by Uy:

T
//r( y){q} [Ef EY, EL]

(g3} 0 0
x| 0 {g3 0
L0 0 {g3)

O -1g3)" Qn-{g3})" Qi {g3)7 Eis
X | Qo {3} O -{g3})7 QO -{g3}" | - | Ex
| Qe - {q3}T O - {(13}T Qs - {(13}T E36

x {g3} - dx - dy (61)

The result can be expressed more concisely by

1 .
= 5-{q3}T . (//t(x4y) ~[D]~dX~dy> {q3}  (62)
x vy

where the matrix [D] depends on polynomial terms in x and
y and on {g3}{q3}7, [D]1=[D({q3}{q3}7)] (see the Appendix).
Equations (59-62) can now be added to yield

1 t(x,
U2+U3+U4=—{q}T//M
2 oy 2

[ 0 0 c1’ 0 0 ‘|
0 0 c2r 0 0
X [c1 c2 C3+C3T+§ C4 C5
0 0 c47 0 0
0 0 cs” 0 0
xdx -dy - {q} (63)

An x, y integration over the planform area of the wing leads to

1
U,+U; + Uy = E{q}T

[0 0 Kupis O 0‘|

0 Koz 0 0
X | Knisi Kz Kz Kneas Kaess | - {g)
0 0 K1z 0 0
0 0 Kyisz 0 0
L7
= E{q} -[Kno] - {q) (64)

The next step is to define the submatrices [ Nyi;;]. The procedure
is very similar to that used with the linear part of the [K ] matrix.
Submatrices are first written based on their dependenceon [C;;] and
[ D] matrices. Then [C;;] and [ D] matrices are expressed as a func-
tion of the x, y-dependent [E;;] and the {g3} terms, so that finally
[Kxwij] can be found using summations of known terms selected
from the table of area integrals, e.g.,

[Kniiz]l = //@ -[C1]" - dx - dy (65)
X y

where, based on the expressions for the [C] and [ E] matrices,

[KNL13]

= // t(xz,y) 200 a) - (g3) as) las. )T -dx-dy
X y

Aai .} {q3)" {as,}-{as,}" -dx-dy

+/x/y—t(x2’y)-Q12

+ // t(xz’ y) ’ Qlﬁ : {al.x} : {q3}T '2{a3.x} : {a3.}'}T ~dx dy
x vy

+/x/y—t(x2’y).Q16

+ // t(x2’ = “ Qa6 -{ay,}- {g3)" - {as,}- {a3.y}T ~dx-dy
xJy

Aar,}-{g3) -las.} - {as ) -dx-dy

+//t(x£y) " Qs {ar,} - {g3)7 - 2{as.1} a7 - dx - dy
J, (66)

It is now possible to identify contributions from individual poly-
nomial terms x™y" and use analytic integrations (and the integral
table Itr) to express

(K31, j) = % (i) - mw(j)

Ntt Ny

x DN “mw(l) - Tk)-q3() - Ig(r1,51)

k=11=1

0, Ntt Np,

+ =2 mu) nw())- DO nw®) Tk -q3() - I (2, 52)

k=11=1

Nitt Ny

+ Q16 mu) - nw(j)- Yy mwd)-Tk)-q3() - I (3, 53)

k=11=1
Nt Ny,
Oie

+ S (i) mw(j)- DN mw() - Tk -q30) - I (4, 54)

k=11=1

Nit N
QZG -

+ =2 (i) - nw () Zan(Z) T(k)-q3(0) - g (5, $5)

k=11=1

Ntt Ny

+ Qe -nu(i) -nw(j)- Y Y mw(l)-T(k)-q3() - I (6, 56)
k=11=1
67)

where the resulting powers in each term are
rl =mt (k) + [mw(l) — 1] + [mu@@) — 11+ [mw(j) — 1]
s1 = nt (k) + nw(l) + nu(@) + nw(j)
r2 =mt (k) + mw(l) + [mu(@) — 11+ mw(j)

52 = nt (k) + [nw(l) — 114 nu@) + [rw(j) — 1]
r3 =mt(k) + [mw{) — 11+ [mu (@) — 11 + mw(j)
53 = nt(k) +nw(l) + nu@) + [nw(j) — 1]
rd =mt(k) + [mw(l) — 11+ mu (@) + [mw(j) — 1]
s4 = nt(k) +nw(l) + [nu(i) — 11+ nw(j)
r5 = mt (k) + mw(l) + mu(i) +mw(j)

55 = nt(k) + [nw(l) — 11+ [nu(@i) — 11 + [nw(j) — 1]
r6 =mt (k) + [mw() — 1] + mu(i) + mw(j)

s6 = nt(k) +nw() + [nu@) — 1]+ [nw(j) — 1]  (68)
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Other submatrices [Kyy;;] are obtained in a similar way. The
derivation is tedious,'® but straightforward. Symmetry of the [K]
matrix is used and there is no need to evaluate all submatrices. Ma-
trices such as [ Knia1 1, [ Knws2l, [Knwasl, and [ Kniss] can be simply
found by calculating [Knp1317, [Kni23l”, [Kneasl”, and [Kypas]”.

Note that the nonlinear part of the [K] matrix [Kyy;;] depends
on the {g} vector in two ways. The {g} dependent terms in the [C;]
matrices lead to a linear dependence of the stiffness on {g}. The
{g3} dependent matrix [D] leads to a quadratic dependence of the
stiffness on {g}. This quadratic dependence on {g3} appears in the
submatrix [ Knp33] [Egs. (63) and (64)]. The total elastic energy can
now be assembled layer by layer, to yield the linear and nonlinear
[K] matrices. The nonlinear part, of course, depends on the defor-
mation vector of generalized displacements {g}:

U=U+U,+Us+ U =75 {g}" - (K. ]+ [Kn({gD)D) - {g}
(69)

Using techniques similar to those described earlier, mass and
stiffness contributions of spar and rib webs can be obtained'®*° for
casesin which the spars and the ribs are modeled discretelyand cases
where spar and rib transverse shear contributionis smeared over the
wing area. In any case, the wing box is modeled as a sandwich
plate, and spar or web transverse shear contribution is integratedin
the depth direction z from the bottom skin surface to the upper skin
surface, and over the spar/rib lines (discrete spars/ribs) or over the
area of the wing (smeared spars/ribs). As Refs. 18 and 20 show, the
contribution of spar and rib webs to the total stiffness of the wing
box, when the webs carry pure shear, affects only the linear part of
the stiffness matrix; i.e., only the By, Bys, Bsy, and Bss partitions
of Eq. (53).

Equations of Motion

As already indicated, the unknown coefficients of the polynomial
series used to approximate the functions uy(x, y), vo(x, ¥), wo(x,
¥), ¢.(x, ¥), and ¢, (x, y) [Eqs. (18-22)] are the generalized coor-
dinates for the purpose of deriving Lagrange’s equations. The ex-
pressions for kinetic energy 7' and potential energy U have already
been given in terms of these generalized coordinates [Eqs. (43-
45)]. Thus, there will be a total of N, equations of motion cor-
respondingto N, q(i) coefficients. It is straightforward to obtain
the inertial component of the equations, because 7 is quadratic in
{qg}, T = %{('I}T[M]{q}, where the mass matrix is constant. For the
contribution of geometrically nonlinear elastic forces, we need to
differentiate the potential energy expression with respect to gener-
alized deformations dU /d¢q (j) as follows [Eq. (69)]:

U

— =0 0 --- 01 0 01-[K]-
) [ 1-[K]-{q}
1 T dKNL
—. = 70
+5 {q} <8q(j)> {q} (70)

Because the matrix [ Kni.] depends only on {g3}, and using the no-
tation 9 Kn./9q(J) = [Kniq(j)]s

0K\
9q(j)
[ 0 0 KNL13.q(j) 0 0 —|
0 0 KNL23.q(j) 0 0
Knisigy  Kniazgoy Kz Knusagoy  Kniasaon
0 0 Knisgy O 0
0 0 Knissq0) 0 0
(71

The expressionsfor differententriesin [ Ky ] are all available an-
alytically and explicitly in terms of the {g} coordinates. Thus, eval-
uation of the matrix in Eq. (71) is straightforward. As an example,
forthei, j element of the term [ Ky 3] [Egs. (66-68)], and focusing
on the first few terms (the rest are differentiatedin a similar way),

0K
oty @0 = [Kanaw]d = %mu@mw(ﬂ

P Nitt Ny
x (Zme(l)T(k)q3(l)ITR(r1,sl)) +oe

9\ =
(72)

[Kniisgw ]G 1) = %mu(z’)mw(j)mw(s)

Ntt

X > Tk) - Ig(rl,s1) + - (73)

k=1

where

r1 =mtk) + [mw(s) — 1]+ mu@@) + [mw(j) — 1]

s1 =ntk) +nw(s) +nu@) + nw(j) (74)

where the index s is between N;, + N,, + 1to N, + N, + N,,,;i.e.,
q(s)is oneof theelements of {g3}. Otherterms of [ Kxy13,4(s)] and the
matrices [Kni23.q(0], [KnL3s.g)], [KNi35.4()], as well as the linear
terms of [ Ky 33,4(5)] are derivedin this same way. Because [Knp 4(s)]
is symmetric, matrices such as [ Knp31,4(s)] are immediately obtained
using symmetry. As to terms of [Kyy33 4] that correspond to the
quadratic part of [Kni33], their derivation is carried out using the
explicit expressions [Eq. (64) and (65) and the Appendix]. For ex-
ample, focusing on one of the terms shows

Nt Nu, Nii

[Kniasl G, j) =+ % “mw(i) - mw(j) - ; ;;mw(l)
x mw(l) - T &) - ¢3(0) - g3(1) - Itg(r25,525) +---  (75)
where
25 = mt (k) + [mw(l) — 1] + [mwl) — 1]
+[mw@@) — 11+ [mw(j) — 1]
5§25 = nt(k) + nw ) + nw(ll) + nw(@) + nw () (76)

Then [Kni33,4(]1(@, j) yields two terms as given by (s between
Ny + Ny +1and Ny, + Ny + Ny )

[KNL33.q(J):|(ia =+ % -mw(@) - mw(j) - mw(s)

Ntt  Npy,

x Z Z mw(l) - g3(1) - It (r251s, s25L1s)

k=11=1
+ %mw(z’) ~mw(j) - mw(s)

Nitt Ny

x Zme(ll)~q3(ll) - I (r25s1l, $25s10) + -~ (77)

k=11=1
where

r25ls = mt (k) + [mw(l) — 1] + [mw(s) — 1]
+mw@) — 11+ [mw(j) — 1]

525ls = nt(k) + nw(l) + nw(s) + nw(i) + nw(j)

r25sll = mt (k) + [mw(s) — 1] + [mw(l) — 1]
+mw@) — 11+ [mw(j) — 1]

§25sll = nt (k) + nw(s) + nw(l) + nw@) + nw(j) (78)
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Finally,

U
— = ([K ]+ [KxL] + [Ks)) - {g) = [Kf] - {q}
o{q}

= {Relastic} = {Re} (79)

where the ith row of [K] is % {q}" -[0Kn1/3q(i)], and {R,} is the
vector of elastic forces.

Finally, the equations of motion of the entire system are repre-
sented by

(M]-{g}+ [K,]-{g} = [M]-{g} +{R.} = (P}  (80)

where structural damping can be added directly?' or via the gener-
alized force vector {P}.

External Forces

Distributed loads, with components in the x, y, and z directions,
are expanded in terms of simple polynomial series:

Ntfrx
P,y 1) = Y Fry(i)-x"P0O . y"P0O = (g, )T (Fr,)

i=1

Ntfry
Py(x,y. 1) = Y Fry(i) - x™PO . y"BO = {qu )T - (Fr,}

i=1

Ntfrz
Py, t) = D Fre(i) - x50 "0 — (ag) - (Fr.)
i=1
(81)
The coefficients {Fr} can be either constant or time dependent.
They can be independent of or dependent on the motion itself via
dependenceon the generalizeddeformations{q}. Following Ref. 13,
the virtual work done by the distributed loads acting on a layer at
distance z fromz =0is 8Q =80, +80Q, + 0., where
80, = Pu(x,y,1)-du(x,y, z,1)-dx-dy
30, = Py(x,y,1) - dv(x,y,z,1) -dx -dy
8Q. = P.(x,y,1) - dw(x,y,z,1)-dx - dy (82)
and by using Egs. (3) we obtain
6Qx = Px (8”0 _Z'8w0.x +26¢¥)dXdy
80, =P, -(Bvy —z-8wy,y +z-38¢,)-dx-dy
80, =P, - 8wy -dx -dy (83)
Using the polynomial approximations to the displacement func-

tions uo, vo, wo, ¢x, and ¢, [Eqgs. (18-22)], the total work done by
the external forces on a layer at some z elevation is given by

o= 1e

+(PZ'{a3}T _Z'Px '{a3.x}T — 2

Ha)" - {0g1} + Py - (@) - {9q2)

P, -{as,)7) - {33}

+2- P {ay} - {8g4) + - P, - {as)" -{8g5}] - dx - dy
(84)

from which the generalized load vector can be defined as
Py =[P1y" (P2)" (P3)" (P4} (PS)]  (85)

Notice that z establishes at what height the load is being applied.
Each of the individual vectors that appear in Eq. (85) can be ex-
pressedas a linear combination of area integrals. For example, {P1}

and {P3} are as follows:

{PI}Z//PX'{al}'dx'dy
xJy
://{Frx}r{afrx}{al}dXdy
xJy

Nfrx
= ZFr ) / / {ag} - X"EO GO e dy (86)

The element (i) of the vector {P1} is then given by

Nfrx
P1G) =Y Fr.(t) - I (r,s) 87)
t=1
where
r = mfrx(t) + mu(i), s = nfrx(t) + nu(i) (88)
Similarly,

{P3}=//(P {as} —z- Py -{as,} —z- Py -{as,}) -dx - dy
(39)

and the ith element is
Nfrz Nfrx
P3(i)= Y Fr.t) Ix(rl,s1) —z-mw(@)- Y Fr()
t=1 t=1
Nfry
x Iig(r2,52) — 2 -nw(i) - Y Fry(n) - Ig(r3,53)  (90)

t=1

where

rl = mfrz(t) + mw(i), s1 = nfrz(t) + nw(i)

r2 = mfrx(t) + [mw(@) — 1], s2 = nfrx(t) + nw(i)

r3 = mfry(t) + mw(i), s3 = nfry(t) + [nw(@) — 1]

oD

If the concentrated loads are present, the previous derivation can
be simplified. For a pointload of value (Fr,, Fr,, and F'r,) applied
at the point (x,, y,, and z,,) of the wing box, the generalized force
vector {P} is given by

[ ﬁrx'{al} —|
Fry'{aZ}
Py=| Fr. a3} — 2, Fr, a5} — 2, - Fr, a5} | (92)
Fr, - {as}
2 - Fr, - {as)

where all of the polynomials {a} are evaluated at the point (x,, Y, ).
Note again that both (Fry, Fr and Fr ) for a point force or {Fr,},
{Fry}, and {Fr_} for dlstrlbuted loads can be functions of the vector
{q} (or, of the displacementsu, v, and w, which are, in turn, functions
of {q}), thus representing deformation dependent loads.

Boundary Conditions

Zero-displacement boundary conditions can be imposed on the
displacements (#, v, and w) in two ways. In the special case of
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imposing cantilever boundary conditions along the lines y =0 or
x =0, an appropriate choice of simple polynomials for the Ritz
function series can reflect the presence of zero displacements. For
example, in a cantilever case where (u, v, and w) are set equal to
(0, 0, and 0) along y =0, the following choice of Ritz polynomials
automatically satisfies the boundary conditions:

q3(1)
q3(2)
wx, y) =y 2%y, 2y, x84 4303)

|

will guarantee w =0 and w , =0 along y =0.
Then the Ritz series

{y.xy. ", Xy, xy*, . ...} { 43

for uo(x, y), volx, y), ¢« (x, y), and ¢, (x, y) (the index / assuming
values of 1, 2, 4, and 5, respectively) will complete the creation of
admissible functions for this case.

A more general way to enforce boundary conditions is by using
very stiff springs to limit deformation or to force a connection be-
tween two parts. If a point on the wing must be constrained so that
itsu, v, and w displacements be zero, then, introducing stiff springs
with coefficientsk,, k,, and k,,, the potentialenergy of the springsis

Us=3% kit + 5k -0 + 5k -w? (93)

For points at z =0, using the Ritz polynomial series [Eqs. (18-
22)],

g’ "
Udzz' {g2}"
{g3}7
k,faHa, )" 0 0 {q1}
X 0 k,{a}{a,}" 0 - | g2}
0 0 ky{as}{as}" {3}

94)
where the vectors of polynomials {a,}, {a,}, and {a;} are evaluated
at the spring coordinates (x,,, ys,). When plate rotations must be
constrained, it is necessary to limit, via stiff rotational springs, the
rotation in the x direction ¥, = w _, — ¢,, and the rotation in the
y direction W, = w , — ¢,. The potential energy associated with a
rotational spring is

Urr = % : er : (w.x - ¢x)2 + % : kr} : (w.y - ¢y)2 (95)

Note thatif CPT is used these springs willimpose zerow , and w,,
(¢, and ¢, are identically zero). The terms in Eq. (95) are expressed
using the polynomial expansion [Egs. (18-22)]

Ur,:(%~k,x~(w'—w¥ ¢x ¢¥w¥+¢§))

+ (% : kry : (w.zy - Wy '¢>’ - ¢>’ Wyt ¢>2)) (96)
leading to
U.=13-Ug3}" (g4 {g5)7]
[K335p] _er {a3.x}{a4}T _kry {a3.y}{a5}T
X _er{a4}{a3.x}T er{a4}{a4}T 0
__kry {aS}{a3,y}T 0 kry{aS}{aS}T
[ (g3}
x | {q4} 97
| {¢5)

where
[K335p] = er{a3.x}{a3.x}T + kry{a3,y}{a3,y}T (98)

Once again all of the vectors {a} are evaluated at (x, Ysp), the
coordinatesof the rotational spring location. All stiff springsused to
impose zero boundary conditions on points on the wing contribute
to the linear part of the stiffness matrix [K ].

Experiencewith stiff springs for boundary-conditionenforcement
with the linear equivalent plate codes’~'* shows that it is possible
to find spring coefficient values that are stiff enough to impose the
zero-deformationrequirement,and at the same time are not too high
alevel that may lead to ill conditioningof the stiffness matrix. Actu-
ally, a quick convergencestudy, carried out by increasing the spring
values by factors of 10 from about 5 orders of magnitude higher
than typical real stiffness to about 10'? will usually be sufficient
to select the values for analysis (double precision on a DEC Alpha
work station).

Static Solution and Time-Integration Methods

The static equations can be separated into linear and nonlinear
parts:

[K;({gh]-{g} = (K ]+ [Kno({g3D] + [Ks({gD]) - {q} = {P}

(99)
and written in the form
(=K1 lg} — (P} = (0} (100)
Expanding {f} in a Taylor series results in
Ng ot
(f)(lg) + (8gD) = ()lgh + ) = 3q W)+ 04, +0USED
= (101)

Linearizing and setting to zero, following a Newton-Raphson
approach, leads to a linear system of equations:

[o] - {0q} = —{f({g})} (102)

where

[l j) = a—()f( ) (103)

[a], in this case, can be obtained in analytical form based on the
explicit derivations described previously. Equation (100) is solved
using a Newton-Raphson iteration imposed on an incremental ap-
proach, in which the loads are increased incrementally until they
reach their final level.

For the dynamic case, a number of time-integration algorithms
were included in the new nonlinear equivalent plate computer
capability.'® Simulation results shown here, however, were all ob-
tained using the Newmark time-integrationmethod. For information
on this method and its applicability to nonlinear dynamic systems,
the reader is referred to Refs. 21 and 22.

Test Problems

To assess the accuracy and computational performance of the new
capability described in this paper, the polynomial-based equivalent
plate technique was used to model a number of nonlinear beam and
plate structures, for which other solutions were available. Results
of systematic studies, in which the effect on the accuracy of Ritz
polynomial orders was examined, can be found in Ref. 18. The
presentation of results in this paper focuses on three test problems.
The first and second involve solid plates, and the third problem
involves a model wing box. Results of linear and nonlinear static
analyses as well as dynamic response computations are discussed.
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Full Plate

The present formulation, as developed earlier, is aimed at wing-
box structures, made of thin cover skins held togetherby an array of
spars and ribs. Stiffness and mass terms are, thus, derived for thin
skins placedat z = hy(x, y)and z =h.(x, y), and for associated rib
and spar webs connecting them. If full-core plates are to be mod-
eled using the current polynomial Ritz approach, the formulations
presented earlier must be slightly modified. This is done by chang-
ing the way in which each skin-layer contributionis integrated over
the volume of the plate. All of the necessary modifications rely on
replacing the skin-layer thickness 7 and height (z position) coeffi-
cients H [Eqgs. (9) and (10)] by coefficients corresponding to upper
and lower limits of the layer representinga full-core plate (between
H, and H;), as follows:

Terms with T (k) arereplacedby [H,(g) — H.(g)]

Terms with T*H are replaced by %(Hu2 - HLZ)

Terms with T*H’ are replacedby % (Hu3 - HL3) (104)
The strain energy of the skins must be further modified by includ-
ing a new contribution of the type

T
. kKA kik, A -

U’Shwr:l///[)@} |: 1 Aga 122 45i|-|:y“i|~dVol
2 Yz ik, Ays szss Yxz

(105)

where k; and k, are correction factors accounting for the fact that
the transverse shear stress is actually not constantacross the section
area.? If the solid full-core plate contains a number of composite
layers, then the contribution of each layer to the mass and stiffness
matrices is evaluated separately and then added up. Of course, rib
and spar contributions are not taken into account when analyzing
full-plate examples.

Square Simply Supported Isotropic Solid Plate

Results of nonlinear static analysis and experiments of this struc-
ture under uniform lateral pressure loading (with stress-free edges)
are presented in Figs. 2.14 and 2.15 of Ref. 17. This is an extremely
challenging problem for the capability developed in this work, be-
cause unlike typical wing-box structures for which the new capabil-
ity is developed, here the plate is simply supported on all sides. Zero
vertical displacementw(x, y) boundary conditions must be imposed
then along x =0, y =0, x =a, and y = a. This is done by choosing
properRitz w polynomial terms, so that w = O alongx =0andy =0
is automatically satisfied. To impose w =0 along x =a and y =a,
stiff vertical springs are distributed along these sides. Because the
combination of stiff springs and high-order simple polynomials is
known to lead to ill-conditioning with the simple polynomials used
here, this becomes a challenging test of the limitations of the new
method. Because of the freedom of edges to move in the x and y
directions, all polynomial Ritz terms in the # and v expansions are
used in the equivalent plate model. Only three soft springs are used
to prevent rigid body motion in the x and y directions.

Short Cantilevered Plate

The short cantilevered plate is made from an isotropic material
with £ =90.0 GPa, v=0.30, and a density of 2700 kg/m®. The
plate was cantilevered and subject to a uniform vertical pressure
over its area. Its chord was 30 cm long, and its length was set equal
to 10 cm. Its thickness was 1 mm. Thus, no shear deformation was
included in this case. Ten polynomial terms were used to expand
each of the in-plane displacementsu and v (y, xy, y2, x2y, xy, ¥°,
x3y, x%y?, xy?, and y*). For the vertical displacement w, 15 terms
were used (y2, xy2, y3, x2y2, xy3, y*, x3y2, x2y3, xy%, ¥, x4y2,
x3y3, x2%y*, xy°, and ¥°). Because cantilever boundary conditions
are automatically satisfied by this choice of polynomial Ritz terms,
no stiff springs were needed in the analysis.

The results from the nonlinear plate code developed here were
compared with the results obtained with a nonlinear finite element

model defined using the automatic dynamic incremental nonlinear
analysis (ADINA).2* Three hundred plate elements®* were used to
create the entire finite element model. Results of static and dynamic
analyses were compared.

Wing Box

The wing-boxtestcaseis usedto assessaccuracyand performance
of the new equivalentplate capability for wing-box structures, made
of skins, spars, and ribs. The results obtained are compared to non-
linear finite element results obtained with ADINA.?* The wing box
presentedhere is 10 m long (with a 45-deg sweep), has a 2-m chord,
and is 0.2 m deep. Only two spars (front and rear) are present. Ten
ribs equally spaced along the wing are present as well. In addition
to that, 10 spar caps (five on the upper surface, five on the lower
surface) are included. Four of them correspond to the spar caps
of the front and rear spars. The other six correspond to stiffeners
(running in the direction of the spars), which are equally spaced
along the width of the wing. Figure 2 shows a three-dimensional
view of the finite element model. Part of the upper skin of the wing
was removed in the figure to allow the view of the internal features
of the model. An isotropic material was used for the entire struc-
ture. Its Young modulus was set equal to 68.95 GPa (with a 0.30
Poissons’ ratio) and its density to 2709.7 kg/m>. All of the skin
thicknesses were set equal to 8.128 x 10™* m and all of the spar-
and rib-web thicknesses to 1.2954 x 10~ m. The spar cap areas
were set to be 2.3935 x 107* m? each and the stiffener areas to
3.9355 x 107> m?.

Overall, 2 skins, 10 ribs, 2 spar webs, and 10 caps were includedin
the equivalentplate model of the wing box. The unknown functions
¢, and ¢, were included in the analysis to account for transverse
shear. The wing is cantileveredat y = 0. Six Ritz terms were used to
expand the in-plane displacementsu and v (y, xy, y*, x2y, xy?, and
y?). Fifteen Ritz terms were used for the vertical displacementw (y,
Xy, v2, 22y, 192, v3, 3y, 122, x93, 4 xty, 392, %293, xy*, and
¥3), and 10 Ritz terms each were used for the shear deformations
¢y (v, xy, ¥2, x%y, xy2, y3, ¥%y, x2y2, xy*, and y*) and ¢, (1, x,
v, x2, xy, y%, x3, x%y, xy?, and y3). Stiff springs (k=1.0 x 10'%)
were placed at the root of the wing box to enforce the zero rotation
condition.

In the ADINA finite elementmodel plate elements® were used for
the skins and webs, and three-dimensionalbeam elements were used
torepresentthe spar caps and stiffeners. Because shear web elements
are not available in ADINA, an orthotropic material was used for
the plate elements of the web, with E; = 1.0 GPa, G;; =26.52 GPa,
and v;; = 0 to simulate shear web elements. To make up for the loss
of stiffness in the vertical direction, 20 truss elements (10 on the
front, 10 on the rear) were introduced connecting upper and lower
skins. The chosen E for these elements was 68.95 GPa with a cross-
sectional area of 1.2954 x 107> m?. Overall, 560 plate elements,
100 three-dimensional beam elements, and 20 truss elements were
used to define the nonlinear finite element model.

Fig. 2 Nonlinearfinite element model of a three-dimensional wing box.
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Solid Plate Results

Figures 3 and 4 compare results obtained with the current equiv-
alent plate capability to results in Ref. 17. The Ritz expansionsused
consistedof 21 terms foru, 21 terms for v, and either 28 or 36 terms
for w (both expansions led to results within 1% of one another).
Note that there is no transverse shear modeled here and the analysis
is therefore based on CPT.

As Figs. 3 and 4 show, the linear results are well matched and
the nonlinear solution is very close to the computational and exper-
imental results presented in Ref. 17.

Short Cantilevered Plate Results

Figure 5 shows normalized vertical tip deflection of the plate
understaticload. The nondimensionalload parameter Pya*/ Eh* (P,
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Fig. 5 Normalized tip vertical deflection, short cantilevered plate.

is the uniform pressure magnitude, a is the length, E is the Youngs
modulus, and % is the thickness) was used to normalize the results.
The verticaltip displacementofthe plate was normalizedby the plate
length. The linear results from the plate code were about 3.5 % stiffer
than the linear results given by the ADINA model. For the nonlinear
analysis the differences between the ADINA and the present work
results were quite small as well. For load parameter values below
30.0 (P, =27.0 kPa) the percent difference was smaller than 4%.
For load parameter values between 30.0 and 45.0 (P, =40.5 kPa)
the percentdifferenceranged between4 and 7%. The accuracy of the
results obtained by the method developed here began to deteriorate
with larger values. As long as the magnitude of the plate tip vertical
deflection remained smaller than half the plate length, the results
from both methods were very close.

It should be noted that the preceding calculations for the method
developedhere were repeated usinga 21-polynomialtermexpansion
for the w displacement. No meaningful differences with respect to
the previouslyused 15-term expansionwere observed. Simple stress
calculations were performed for the previous case and the stresses
were confirmed to be well under the yielding point.

Linear and nonlineardynamic simulations are presented next. For
auniform pressure step load of 15.0 kPa (load parameter = 16.7) the
time history of the normalized vertical tip displacement was calcu-
lated. See Fig. 6 for the linear case and Fig. 7 for the nonlinear case
(same loading in both cases). The correlation between the results
obtained with this program and with ADINA is good. For the linear
case the period of the motion calculated using the present work was
about 0.01039 s and the period obtained from the ADINA results
was about 0.01045, a 0.7% difference. For the nonlinear case the
period became smaller. This was expected because of the harden-
ing effect observedin the nonlinear static analysis. The output from
the code developed here shows a motion with a period of about
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Fig. 6 Vertical tip deflection time response to 15-kPa uniform pressure
step input, short cantilevered plate, linear stiffness.
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Fig. 7 Vertical tip deflection time response to 15-kPa uniform pressure
step input, short cantilevered plate, nonlinear stiffness.
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0.00948 s. The ADINA results showed a period of 0.0093 s. This
represents about a 2% difference.

Results for Wing Box

The first results presented here are those corresponding to the
static analysis. Six concentrated forces are applied to the wing box.
One in-plane force is applied (its direction is parallel to the wing
plane) to each of the front and rear spars caps (four in-plane forces
in total). These in-plane forces are needed to compress the wing in-
plane, such as can be expectedin the case of the tail of a joined-wing
airplane. In addition, two vertical forces are applied at the tip of the
wing box, one in the plane of the web of the front spar and one in the
plane of the web of the rear spar. For the examples presented here,
all of the individual forces were set to have the same magnitude.
This implies that the total in-plane load imposed on the structure is
twice the total vertical load.

Before studying nonlinear effects, the linear solutions from
ADINA and the equivalentplate methods developedhere were com-
pared. They were found to be very close, with a maximum difference
of 4.5%. This can, of course, be expected because of slight differ-
ences in structural modeling assumptions between the two tech-
niques. The ADINA model uses plate element for skins vs mem-
branes in the equivalent plate approach. Small differences between
the spar- and rib-web modeling in the equivalentplate approach and
in the ADINA models can also lead to slight differences in results.

For the nonlinearstatic analysis, each of the forces mentioned ear-
lier is progressively increased to obtain a displacement-load curve.
Two cases were studied. In one, the loading forces stay fixed and
do not change with the deformation. In the second case, the loading
forces depend on deformation. Thus, when vertical deformation w
is taken into accounttogether with in-planeforces Px and Py, load-
ing bending moments appear at the loaded wing tip and add to the
loading on the wing. In Figs. 8 and 9, the displacement-load curves
are presented for two different points along the tip of the wing box
(the front and rear of the tip chord). The deformations were plotted
against the total vertical load Pz (in the presence of the in-plane
load). For presentation of results the applied load Pz was normal-
ized by the wing-box length L, cross-sectional moment of inertia
I, and the modulus of elasticity E, to produce the load parameter
k (=PzL?/EI). It can be seen in Figs. 8 and 9 that the equivalent
plate results match the finite element results very well up to a load
parameter of about 0.25, even with fixed external loads. In general,
the ADINA output shows larger deformations that those predicted
by the present work with external fixed loads. When deformation-
dependent loads were taken into account, correlation between the
present equivalent plate results and the ADINA results is much im-
proved. No computations beyond k = 0.7 were carried out because
of the onset of yield.

Finally, nonlinear dynamic simulations were produced for the
wing. With zero initial conditions, the loads (in-plane and vertical)
were first increased from zero level up to a certain k-value level us-
ing a ramp that lasted 0.05 s. After that the loads were set constant
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for the remaining time. The results obtained using ADINA and the
program developed here are shown in Fig. 10 for k =0.19. Good
correlation between the two outputs is observed, verifying the ac-
curacy of the time integration used in the nonlinear equivalent plate
capability. Good correlation with ADINA results had also been ob-
tained deeper into the nonlinear response domain corresponding to
higher loadings k.

Conclusions

A theory and an associated numerical analysis capability for the
moderately large deformation nonlinear static and dynamic behav-
ior of real wings loaded in-plane as well as perpendicular to their
reference plane have been developed and discussed in this work. It
was shown how linear equivalent plate modeling of wings made of
composite cover skin and arrays of spars and ribs could be gener-
alized and extended to cover nonlinear structural behavior due to
moderately large deformations. Solution methods for the resulting
static problems and for dynamic problems were described, and the
new capability was evaluated by testing its performance using an
array of test cases. These test cases contain a wing-box model, as
well as full-depth plate and beam models. For the full-depth plate
and beam cases, the new formulation (which was originally derived
for skin/spar/rib wing boxes) had to be slightly modified.

Comparison of results from the new capability with results from
the nonlinear structural analysis code ADINA on a number of can-
tilever plate and wing-box problems showed good correlationup to
relatively large levels of loading. A series of test cases using simple
beam models was used to gain experience with the number of terms
needed for Ritz polynomials describing in-plane and out-of-plane
motion. The capability to carry out buckling analysis and postbuck-
ling analysis, and the capability to capture chaotic motion, were
also verified using beam models.'"® Good results were obtained up
to relatively large levels of loading.
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Even though the capability developed herein is aimed at airplane
wings,or wing/tail configurations,a few numericaltests were carried
out to assess performanceof the new capability for panels supported
all around their circumference. This was done in an exploratory
manner to take the new methodology to its limit, given the known
ill-conditioningreached when the number of Ritz polynomial terms
is too high, and the numerical difficulties associated with the need
to impose boundary conditions via very stiff springs.

The new structural modeling approach for the moderately large
deformation of wings offers fast and accurate structural capability
for the nonlinear flutter analysis of geometrically nonlinear wing
configurations. Aeroelasticanalysisof such wings shouldthenbe the
subjectofresearchbased on integrationwith unsteady lifting surface
aerodynamics in the time domain, and using the time-integration
techniques described in this work.

Appendix: A, C, D, E Matrices
[E;] Matrices
(1 X Nru)[Ell] = {al,x}T
(1 X Nrw)[E13] = - {a3.xx}T + {ql}T : {al,x} : {a3.x}

(1 X Nig)lEwl =z - {as )7, (1 x N)[Exn] = {ar,}"

(1 X Nrw)[E23] = - {a3.yy}T + {ql}T : {al,y} : {a3,y}

(1 X Nigy)[Exs] = z - {as,,}" (1 X Ny)lEs] = {ar,)"

(1 X NIE3] = {ay,}"

(1 X No)IEssl = =2z - {as )" + (g} - {a;.} - {as,)
+g}" -lary) - las.)”

AXNg)Eul=2z- {04.y}T, (1x NI¢}')[E35] =2z- {as.x}T

(Nrw X Nrw)[Elﬁ] = {a3,x} : {a3.x}T

(Npw X Npy)[Exl = {03,y} : {03,y}T
(Nrw X Nrw)[E36] = 2{a3.x} : {a3.y}T

[A;] Matrices

[Anl=0n - En+ Qs B, [Ap]l=Qun En+ Qis- Exn
[Asl=0u - Eiz+ Qun- Ex+ Qi Ex

[Aul = Qu - Ewu+ Qis - Eza, [Ais] = Q12+ Eos + Qi - Ess

[A2] = Q- Ei + Qs - Esy, [Ap] = 0xn - En+ O Esn
[An]l= Q0 - Eis+ Qn - Ey3 + Qs - Ess

[A2] = Qa1+ Erg + Qo - Ena, [A2s] = Q2 - Ess + Qo - Ess

[A31] = Q61 - E1i + Qs - B3, [Ax] = Q¢ - Exn + Q¢s - Ex2
[A5]= Q61 - Eis + Qs - Eo3 + Qoo - Ess

[A34] = Q61 - Eis + Qg6 - Eaa, [Ass] = Qe - Eos + Qge - E35

[C;;] Matrices

[C1]" = Q) - ET, - {g3)" -Eis+ Q16 EL, - (g3} - Eis
+ Q21 E, - {g3) - Exs + Qa6 - E5, - {g3} - Eng
+ Q¢ - ET, - {q3)7 - Exs + Qe - EI, - (g3} - E3

[C2]" = Q1,- EJ, {q3} -Eis+ Q15 E}, - {3} - Eus
+ 0y - EL {3} - Exs + Qo - EL - (g3} - Ex

+ Qg - EL - {q3)7 - Exs + Q¢ - EL - {q3}T - E3
[C3]1= Q- EL-{g3}- Eis+ Q1n- ET - (g3} - Ens

+ Qi EL - {q3) - Ess+ Q1o EL - (g3} - Eis
+Q0n - E} - {g3} - Exs+ Q- Exg - {q3} - Ex
+ Qi EL - {q3) - Eis+ Qa6 - EXL - (g3} En3

+ Qs Els - {3} - E33
[C41= 0. -E[,-{g3}- Eu+ Qis- E[y - {3} - Ex

+ Q- EL - {q3) - Evy+ Q- EX - (g3} - Eny

+ Q15 EY - {g3} - Eua+ Qos- Efg - {3} - Ex
[C5]1= Q- EL -{q3} - Exs+ Q16 ET, - (g3} - E3s

+ 0y - EL - {q3) - Eps + Qs EX - {g3)7 - Ess
+ Qe - EX - 13} - Eas + Qo6 - EX - {g3} - Ess

Matrix [D]

[D]1= Q- El {3} -{q3}" - Eis + Quo- Efs - {g3} - {q3}" - Exs
+ Qi Ef (g3} (g3)" - Ess + Q1o Eg - {q3} - {q3)" - Ens
+ Q- E3 g3} (g3} - Exs + Qu - EJg - (g3} - 1q3)7 - Esg
+ Q16 EY; g3} (g3} - Eyg + Qu - Elg - (g3} - 1q3)7 - Eng

+ Qs - E3T6 {g3}-{q3}" - E36
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